Abstract Optical frequency combs generated by quantum cascade lasers have recently been demonstrated in the mid and far infrared, but a detailed analysis of the possibility of a fine control of the emission to use them for high-resolution spectroscopy and metrology applications is still missing. In this manuscript the attempt of frequency stabilizing a mid-infrared quantum cascade laser comb (QCL-comb) against a metrological mid-infrared intracavity-difference-frequency-generated comb through a single phase-locking chain acting on the driving current is presented. Following a brief derivation, simple relations between the QCL-comb frequency parameters and optical quantities such as the refractive index have been found and used to observe how the locking affects the physics of the system. The conclusion is that the current locking essentially acts on the effective refractive index to reduce the offset fluctuations (common noise), but does not sensitively affect the group refractive index and the mode spacing. Nonetheless, the overall single QCL-comb tooth linewidth is reduced from 500 kHz down to values ranging from 1 to 23 kHz on a 40 ms time scale.
Introduction
Optical frequency combs (OFCs) [1, 2] are nowadays essential equipment for ultra-broadband coherent communications [3] , and for visible/near-infrared spectroscopy and metrology [4] [5] [6] [7] . Since the molecular fingerprint region, characterized by the fundamental ro-vibrational transitions of simple molecules, falls in the mid infrared (MIR), there is a strong demand for OFCs operating in this spectral region (MIR-combs). The most recent and compact techniques to generate MIR-combs employs high-Q microresonators [8] [9] [10] and quantum cascade lasers.
Quantum cascade lasers (QCLs) [11] are quantum-well semiconductor lasers, emitting MIR or terahertz radiation. The laser transition takes place between two sublevels of the conduction band. Single-frequency QCLs are characterized by a linewidth of the order of 1 MHz on a 100 ms time scale [12, 13] . Many efforts have been done in order to reduce this linewidth together with an absolute control of the frequency [14] [15] [16] [17] . The most straightforward approach used to control the emitted frequency consists in modulating the driving current, thus changing the temperature and, as a consequence, the refractive index of the waveguide.
Comb emission can be obtained with QCLs designed to have low group velocity dispersion [18, 19] , where the fourwave mixing process [20] correlates the longitudinal modes of the laser cavity. For MIR-operating devices the upper state lifetime is shorter than the round-trip time, therefore the accumulation of energy during the round trip is not possible and a pulsed passive mode-locked regime cannot be achieved [18, [21] [22] [23] .
The first characterization of quantum cascade laser frequency combs (QCL-combs) focused on the intermode beat note at the cavity round-trip frequency [18] . Then, taking advantage of a dual-comb spectroscopy setup, a mode equidistance fractional accuracy of 7.5 × 10 −16 relative to the carrier (optical frequency) was demonstrated [24] . Moreover, using a high-finesse cavity as multimode
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frequency-to-amplitude converter, the frequency noise power spectral density of such a device was measured down to the Schawlow-Townes limit [25] , proving that the modes are correlated till the quantum limit.
As for early-stage classical femtosecond-lasers frequency combs [26] , it is worth to study the coherence properties of the QCL-combs emission together with the strategies to control the main optical parameters [27] . In this manuscript we investigate the comb properties of the multimodal QCL emission, using an intracavity-differencefrequency-generated metrological comb (IC-DFG-comb) [28] as reference in a dual-comb-like setup. This characterization is essential for controlling QCL-combs and for most of the subsequent applications. Basically we phase-lock a QCL-comb tooth to an IC-DFG-comb one and we study the collective effect on the other QCL-comb teeth. The results are interpreted within the framework of frequency combs in terms of offset and spacing frequencies, relating these parameters and their fluctuations to primary physical quantities such as the effective waveguide refractive index and the group refractive index.
Experimental setup
In fig. 1 the experimental setup is shown. The QCL-comb is a broad-gain Fabry-Pérot device, emitting continuouswave radiation around 4.70 μm. The spacing ( f s ) between the longitudinal modes (QCL-comb teeth) is about 7 GHz. The laser working temperature is 16.5
• C and the current is 735 mA, with an emitted power of 60 mW on a single transverse mode. In fig. 2 the laser spectrum measured with an FTIR spectrometer is shown. The IC-DFG-comb is essentially used to convert the MIR QCL-comb spectrum down to the radio frequencies (RF). It is generated The resolution is 7 GHz, therefore the laser modes cannot be resolved. Considering that the spectrum is 700-GHz wide, and the mode spacing is 7 GHz, an overall number of about 100 modes is deduced.
by injecting the radiation emitted by a commercial nearinfrared frequency comb (NIR-comb) into a Ti:sapphire (Ti:Sa) laser cavity [28] . There, a non-linear crystal mixes the Ti:Sa continuous-wave intracavity radiation with the NIR-comb radiation, generating a MIR-comb. Since the Ti:Sa is referenced to the same NIR-comb through a locking chain which uses the direct-digital-synthesis (DDS) of frequencies [29, 30] , the frequency noise of the IC-DFGcomb (single tooth linewidth) is particularly low (2 kHz in a 1-s time scale). Moreover, the long-term frequency stability and frequency accuracy of the NIR-comb is transferred to the MIR-comb in a straightforward way. The average pertooth power is 1 μW and the repetition rate ( f r ) is 1 GHz. The emitted spectrum is about 300-GHz wide [31] . As shown in fig. 1 , the QCL-comb beam (about 1 mW of power) is superimposed to the IC-DFG-comb beam (about 0.5 mW of power), sending them to a HgCdTe photodetector (200-MHz bandwidth). The recorded heterodyne beatnote signal (HBNS) is used for further analysis of the phase noise and frequency control of the QCL-comb. A fraction of the HBNS is recorded by an RF spectrum analyzer (spectrum analyzer 1). When the frequency spacing between the QCL-comb modes and the IC-DFG-comb ones falls within the bandwidth of the detector, the obtained RF spectrum is made of several peaks, each of them resulting from the beating between a QCL-comb tooth and an IC-DFG-comb tooth (in a ratio of one every seven). The spacing between these peaks is | f s − 7 f r | (about 10 MHz). This difference can be positive or negative, and in a HBNS both cases can occur at the same time. The RF peaks coming from a positive difference are named direct, the others are named folded.
The HBNS is also used in two RF chains. As represented on the left, the signal is filtered at 30 MHz just to select only one peak (with all the parameters chosen to have the better signal-to-noise ratio). Then it is sent to a home-made hybrid analog/digital phase-locked-loop (PLL) electronics. The obtained correction signal is then sent to the current modulator. The modulator consists of a control circuitry placed in parallel to the QCL, based on a field-effect transistor (FET) [13] . In particular, the processed error signal is fed to the gate of the FET, which acts by proportionally decreasing the current flowing through the laser. In order to reduce the amplitude of the frequency fluctuations from 500 kHz down to few kilohertz, the amplitude of the current modulation is of the order of 1.3 μA. Thanks to this chain the filtered HBNS is locked to the 30 MHz local oscillator. In this way the involved QCL-comb tooth is phase locked to the related IC-DFG-comb tooth.
On the right, the chain to remove the offset is depicted. The HBNS is filtered at 30 MHz to select only one peak, summed in an RF mixer to a 100 MHz signal and then subtracted in another mixer to the original HBNS. In this way, spectrum analyzer 2 shows the HBNS where one peak has been subtracted from all the others, therefore any common frequency (noise) contribution (namely, the offset contribution) is canceled out.
Results
When the QCL-comb operates in free-running regime, the peaks in the HBNS (observed with spectrum analyzer 1) are about 500-kHz wide (see fig. 4b ). As a first step, the performance of the loop has been tested. The loop has been closed and the PLL parameters optimized. Then the HBNS has been acquired with spectrum analyzer 1 in real-time mode. Each acquisition is made of 20 frames. Each frame contains the HBNS in time domain over a 2-ms time interval sampled at 75 MHz. Afterwards, for each frame the Fourier transform of the signal (amplitude and phase) has been computed. All the 20 obtained amplitude spectra of an acquisition are reported in fig. 3 . In fig. 4 a zoom of the locked peak (the one filtered to be used in the locking chain) is shown. On a frequency span of 2 MHz ( fig. 4a ) the typical shape of locked signals is evident, with the bumps given by the electronic bandwidths. On a span of 12 kHz ( fig. 4c ) the peak is still resolution-bandwidth-limited and a perfect stability over the whole acquisition time is observed. In fig. 4c the phase of the signal around the locked peak is also reported. The phase is clearly stable over the whole acquisition, in particular the phase value at peak is (−10.0 ± 0.4)
• in 40 ms, sampled every 2 ms. Now, for studying the collective effect of the locking, we concentrate our attention on the other peaks, in particular on the first neighbor (see fig. 3 ). On a span of 2 MHz the peak shows a shape very close to the one of the locked peak (see fig. 4a ), but on a span of 12 kHz frequency fluctuations are evident ( fig. 4d) . Nonetheless, they are strongly reduced compared to the free-running regime. We can estimate a linewidth of a few kHz against 500 kHz (see fig. 4b ).
To be more quantitative, a time tracking (frame-byframe) of the center frequencies of the peaks has been carried out. Each peak in every frame has been fitted with a Gaussian function and the center frequency has been obtained. In fig. 5 the results are shown (for the labeling of the peaks refer to fig. 6 ). Observing the trend of the red lines frame-by-frame, considering that the fourth peak is the locked one, the elastic effect typical of frequency-comb systems [29] shows up. In particular the frequency-fluctuations amplitude increases proportionally to the distance from the fixed peak. This confirms the coherence among the modes. Afterwards, the 20 amplitude spectra have been averaged, yielding the spectrum shown in fig. 6 . All the peaks have been fitted with a Gaussian function (see fig. 7 for an example). The obtained widths (σ ) have been plotted against the peak number and fitted with the following function:
where m numbers the peaks in the HBNS, m 0 denotes the locked peak, and R BW is the instrumental resolution bandwidth. The use of this function comes from the assumption that both the shape of the instrumental function and the distribution of the frequency fluctuations are Gaussian, and it is justified by the fact that the function fits well the acquired data. σ 0 represents the mean square root value of the frequency fluctuations of the spacing between the laser modes ( f s ) contributing to the HBNS peaks together with the instrumental resolution. It can be interpreted as the width of the first-neighbor peak (compared to the locked one) excluding the instrumental resolution. We remark that σ 0 does not represent a strict estimation of the coherence among the modes, since coherent frequency fluctuations affecting all the modes do contribute to this width, and this fact is evident from the measurements reported in fig. 5 where the elastic effect is emphasized. Repeating this procedure with www.lpr-journal.org Figure 4 a, c) Zoom of the locked peak (see fig. 3 ): amplitude on a wider (a) and on a narrower span (c), and phase (c). Even on the narrower span (c) a perfect stability both of the peak amplitude and phase can be observed. In particular the phase value at peak is (−10.0 ± 0.4)
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• in 40 ms, sampled every 2 ms. d) Zoom of the first-neighbor peak in locking operation (see fig. 3 ). On this narrow span the presence of frequency fluctuations is evident. b) Peak in free-running operation. The linewidth on a 40-ms time scale is 515 kHz. 
Figure 5
Time tracking (frame-by-frame) of the center frequencies of the peaks in locking operating regime (see fig. 3 ). Each peak in every frame has been fitted with a Gaussian function and the center frequency has been obtained. For the labeling of the peaks refer to fig. 6 . The errors given by the fit are negligible on the shown scale. Observing the trend of the red lines frameby-frame, considering that the fourth peak is the locked one, the elastic effect typical of frequency-comb systems shows up. 
Figure 6
Average over the 20 amplitude spectra of an acquisition in locking operating regime (see fig. 3 ). Each peak has been fitted with a Gaussian function (see fig. 7 , top for a zoomed view) and labeled with an integer number m. For the direct peaks the relative QCL-comb mode has a higher frequency compared to the relative DFG-comb mode. For the folded peaks the opposite holds.
Since the QCL-comb modes are 100, and considering that we phase-lock the central one (or one nearby), the accumulated residual frequency noise on the modes on the sides of the spectrum is fig. 6 ) fitted with a Gaussian function. Bottom: fit of the peaks widths in locking operating regime using eq. 1.
Since the linewidth of the IC-DFG-comb (the reference) is ν DFG = (750 ± 200) Hz (on a 20 ms time scale) [28] , we can state that the overall single QCL-comb mode linewidth is reduced from 500 kHz to values ranging from 1 to 23 kHz on a 40 ms time scale.
Afterwards, in order to study the dynamics of the laser in free-running operation, the locking chain has been opened, and the HBNS has been acquired downstream the chain removing the offset fluctuations (common noise). The acquisitions and the time tracking of the center frequencies of the peaks have been obtained in the same manner. In fig. 8 the results are shown (for the labeling of the peaks refer to fig. 9 ). Observing the trend of the red lines frame-by-frame, considering that the third peak is the one used for the offset subtraction (therefore frequency-fluctuations-free), the elastic effect typical of frequency-comb systems shows up again, confirming the coherence among the modes even in this case. A comparison between fig. 5 and 8 shows that the locking does not affect the coherence among the comb modes. Then the 20 amplitude spectra have been averaged, giving the spectrum shown in fig. 9 . All the peaks have been 
Figure 8
Time tracking (frame-by-frame) of the center frequencies of the peaks in free-running operating regime with the offset canceled. Each peak in every frame has been fitted with a Gaussian function and the center frequency has been obtained. For the labeling of the peaks refer to fig. 9 . The errors given by the fit are negligible on the shown scale. Observing the trend of the red lines frame-by-frame, considering that the third peak is the one used for the offset subtraction (therefore frequency-fluctuationsfree), the elastic effect typical of frequency-comb systems shows up. 
Figure 9
Average over the 20 amplitude spectra of an acquisition in free-running operating regime with the offset canceled, acquired using spectrum analyzer 2. The reference peak used for the offset subtraction has been pointed out. Each peak has been fitted with a Gaussian function and labeled with an integer number m. The offset cancellation works for direct peaks.
fitted with a Gaussian function (see fig. 10 for an example). The obtained σ have been plotted against the peak number and fitted again with eq. 1. The value obtained averaging over few different acquisitions is σ 0 free run. = (343 ± 12) Hz
We remark here that despite the widths of the peaks in the HBNS are very similar in free running and in locking regime, this is not the case in the optical domain (at www.lpr-journal.org LASER & PHOTONICS REVIEWS fig. 9 ) fitted with a Gaussian function. Bottom: fit of the peaks widths in free-running operating regime using eq. 1. Despite the widths of the peaks in the HBNS is very similar in free running and in locking regime (see fig. 7 ), this is not the case in the optical domain (at 64 THz). In free-running regime the peaks look so narrow (few kilohertz of width) just thanks to the subtraction of the offset, operation made by the acquisition chain and useful just for comparing the two combs. In the optical domain the comb modes in free running operation are broad (about 500 kHz -see fig. 4b ).
64 THz). In free-running regime the peaks look so narrow (few kilohertz of width) just thanks to the subtraction of the offset, operation made by the acquisition chain and useful just for comparing the two combs. In the optical domain the comb modes are stable in frequency, therefore useful for high-resolution spectroscopy applications, only in locking conditions. In order to interpret these results in terms of the two main optical quantities characterizing the laser waveguide -the effective and the group refractive index (n c and n g , respectively) -a specific discussion is needed (see Supplemental material). The frequencies of a reference mode (whose frequency and order are ν c and N , respectively) and of its first neighbor are expressed in terms of the effective 
where L = (6.40 ± 0.05) mm is the physical length of the waveguide, n c = (3.175 ± 0.005), n g = (3.320 ± 0.025), and N = 9030 (computed as the ratio between the optical frequency and the spacing f s ).
In table 1 the measured values are collected (refer to eq. 2 and 4). All the reported values are referred to a 40 ms time scale. We remark here that the given values for f s are not a strict estimation of the coherence among the modes, since coherent frequency fluctuations affecting all the modes do contribute to this width (see fig. 5 and 8 where the elastic effect is emphasized). In order to understand the impact of the locking on the laser parameters, the ratios between the values in locking conditions and in free-running conditions are computed, yielding
The main phenomenon that gives the tunability of the emitted frequency in QCLs is the variation of the refractive index with temperature (the contribution of the variation of the physical length of the laser cavity due to thermal expansion is one order of magnitude smaller -see ref. [32] page 178). In phase-locking conditions the driving current is used to control the temperature of the waveguide through the Joule effect. The ratios given in eq. 6 clearly show that the loop acts essentially on the effective refractive index n c reducing its fluctuations in order to stabilize the emission (satisfying ν c = ν DFG ). On the other hand n g /n g is almost unaffected. This means that the contribution given by the term related to n c in n g is negligible compared to the one related to the dispersion dn/dν (see eq. 23 given in Supplemental material). In other words we can state that the current control (through temperature) effectively acts on the effective refractive index but does not significantly affect the dispersion.
Conclusion and Outlook
With this work we have thoroughly studied, both experimentally and theoretically, how to frequency stabilize a MIR QCL-comb. To this purpose, a metrological MIR IC-DFG-comb has been used as reference. Through a single phase-locking chain acting on the driving current, one QCLcomb mode has been locked to an IC-DFG-comb mode, and the behavior of the other QCL-comb modes has been studied. The locked QCL-comb mode shows a perfectly stable phase difference related to the IC-DFG-comb one -(−10.0 ± 0.4)
• in 40 ms, sampled every 2 ms -, while the other QCL-comb modes show a reduced linewidth from 500 kHz down to values ranging from 1 to 23 kHz on a 40 ms time scale, depending on the distance from the locked mode. Following a brief derivation, simple relations between the QCL-comb parameters ( f s and f o ) and the effective and the group refractive index have been found and used to observe how the locking affects the physics of the laser. The conclusion is that the current locking essentially acts on the effective refractive index n to reduce the offset fluctuations (common noise), but does not significantly affect the group refractive index n g and the mode spacing. This preliminary study paves the way to a full control of this type of sources. Several approaches will be tried in order to control the mode spacing, like optical feedback and temperature control independent of current such as irradiation of the waveguide using an external laser [15] . The full frequency control will dramatically widen the applicability of such miniaturized comb sources as broadband high-resolution spectrometers both in dual-comb setups and coupled to high-finesse cavities.
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